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e developing iterative sets
o formalization in Agda Unimath
e problems with defining additional structures on CwF

[...] even though the naturality requires complex path algebra to state
properly, in the specific CwF on V all these paths are given by reflexivity.

Idea: Easier to formalize in cubical setting
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Fibration Identity Principle (~ Extensionality)

(x =yo y) = H(z e¥x)=(z€%y)

z:VO

W is a set -« all decodings are sets

Universe closed under many standard type formers
» empty set, singleton sets, (un-) ordered pairs, natural numbers
» identity types, TI-types, Z-types, quotients, universe codes

W is a category closed under many standard constructions
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Categories with Families

Definition A category with families (CwF) consists of:
e a category C with a terminal object

e apresheaf Ty: C® — hSets

a presheaf Tm: ([ Ty)" — hSets

afunctor —. —: [Ty — C

for each (T, A) : [ Ty a natural equivalence in A : C:

CIAT.A)= Y Tm(AA-Yy)
v:C(A,IN
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e ForT:C, A:TyTl,B:Ty(l'. A)anatural (inT) iso

Tm(T,Sr(A,B))~ Y  Tm(T,B-(Ir,a))
a: Tm(T,A)
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Formalization Steps

Part 1

lterative multisets
lterative sets

... as universe

... as category

Part 2

e CwF and Z-structure (general)

e Instantiation for iterative sets (3 phases)
1. Naive
2. "Cubical”
3. Ad-hoc functions

Total: ~4700 LOC
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Naturality of Z-structure
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Naturality of Context Extension

112

A C(AT . A) > Y ear TIUA, (A - 1))

(id, —[o]) l
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« objects: W

e arrows: V(I',A) := E|(I') — EL(A)

o types: Tyl =EYT) — W

e terms: Tm(I', A) := Hy ar) EUAWY))

« context extension: I'. A = YO, A)

o Y-structure: Sp(A,B) := Ax: EUT). Z°A(x),Aa.B(x,a))
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